Bound-state gravity from higher derivatives by Lee, Kiyoung & Siegel, Warren
ar
X
iv
:h
ep
-th
/0
30
31
71
v1
  1
9 
M
ar
 2
00
3
March 19, 2003 YITP-SB-03-12
Bound-state gravity from higher derivatives
Kiyoung Lee1 and Warren Siegel2
C. N. Yang Institute for Theoretical Physics
State University of New York, Stony Brook, NY 11794-3840
ABSTRACT
In certain Lorentz-covariant higher-derivative field theories of spins ≤1,
would-be ultraviolet divergences generate color-singlet poles as infrared di-
vergences. Absence of higher-order poles implies ten-dimensional supersym-
metric Yang-Mills with bound-state supergravity, in close analogy with open
string theory.
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1Introduction
Many properties discovered in string theory have been reproduced in ordinary
field theory: supersymmetry, the topological (1/N) expansion, the first-quantized
BRST approach to arbitrary gauge theories [1], the Gervais-Neveu gauge [2], and
certain simplifications in one-loop amplitudes [3]. In that respect string theory has
proven a useful toy model. The main properties of string theory that have not been
reproduced so far in particle field theory are:
(1) Dolen-Horn-Schmid duality (duality between different momentum channels).
This is the reason “dual models” were first developed. It is also the only exper-
imentally verified property of strings, as applied to hadrons (along with its direct
consequences).
(2) Theories of fundamental higher-spin particles with true predictive power.
Known string theories are perturbatively renormalizable, and are thus expected to
predict more than possible from just unitarity, Poincare´ invariance, locality, and low-
energy symmetries. However, it is not clear how much of this predictability survives
compactification and other nonperturbative effects (such as the appearance of even
more dimensions, from M- or F-theory).
(3) Higher dimensions of spacetime. This may apply only to the string models
that have been explicitly constructed so far, and not to hadronic strings (although
attempts have been made through the AdS/CFT correspondence [4]). Extended su-
pergravity theories hint at higher dimensions, but do not require them. This property
requires some predictive theory of gravity to hide the extra dimensions.
(4) Gravitons appear as bound states in theories without fundamental massless
spin-two states (open strings). This is actually only a kinematic effect (analogous
to bosonization in two-dimensional theories) [5], but is the only known explicit ex-
ample of the generation of the graviton as a bound state. (Long after this effect
was discovered, a “theorem” was discovered that indicated its impossibility [6]. A
proposed explanation was an anomaly in the conservation of the energy-momentum
tensor [7], since the essence of the theorem is the discrepancy between the ordinary
conservation law of nongravitational theories and the covariant conservation law in
curved space.) Confinement in QCD would also allow derivation of higher-spin states
as bound states, and perhaps without loss of predictive power (if ambiguities pre-
sented by renormalons can be overcome, perhaps by embedding in finite theories),
but explicit calculational methods (lattice QCD and various nonlinear sigma-model
methods) so far have proven inadequate to examine this effect. Random lattice models
of strings [8] may provide an example of confinement, but so far explicit calculations
have been limited to lower dimensions. Of course, if an ordinary field theory can be
2shown to reproduce this property of higher spin as bound states, the second property
above should become irrelevant.
In this paper we provide an example of a field theory that reproduces the latter
two properties. This theory is a Lorentz-covariant higher-derivative modification of
ten-dimensional supersymmetric Yang-Mills theory, the massless sector of the open
superstring.
Open string theory
Any one-loop string theory diagram composed completely of open strings contains
closed strings, as a consequence of duality (the “stretchiness” of the world sheet): Any
such (orientable) diagram can be made planar by allowing external lines to extend
from either the outside or inside of the loop. Then the closed string propagates be-
tween the inner and outer boundaries of the loop, which can be stretched apart to
give a cylinder. (In the case where all states are on one boundary, the other bound-
ary represents the closed-string connecting to the vacuum.) As internal symmetry
(“color”) is associated with the boundaries, the closed string is a color singlet. Self
interactions of closed strings are similarly found in higher loops of open strings, as
follows from the usual relation gclosed = h¯g
2
open between the fundamental coupling of
the open string and the effective coupling of the closed-string composite state.
The same stretchiness allows such one-loop diagrams to be drawn as a one-loop
open-string propagator correction with a half-twist in each side of the loop, and all the
external states of either boundary clustered at the end of either propagator extending
from the loop. Thus the generation of the closed string can be associated with the
propagator correction itself. But any (amputated) one-loop propagator correction
is equivalent to the expectation of the product of two quadratic operators in the
free theory, where the vertices of the correction serve to define the operators. Thus
any bound state appearing in a one-loop propagator correction (or any propagator
3correction with only two vertices) can be recognized as a kinematic effect. (A familiar
example is the massless scalar generated from currents of massless spinors in two
dimensions, which is then eaten by the vector in the Schwinger model.) Thus string
theory is not an ideal example of generation of the graviton as a bound state. Yet
it might share enough characteristics with true bound-state models to provide some
insight.
Furthermore, random lattice models of string theory explicitly represent strings as
generated from resummation of Feynman diagrams of particle field theory (e.g., scalar
theories for the bosonic string), in a manner expected for the hadronic string from
QCD. However, these models have Gaussian propagators rather than poles (although
it might be possible to generalize this construction to more realistic models [9]).
There are several features of string theory with which we could try to account for
this phenomenon: (1) Unbounded mass. Strings have particles of the same type but
arbitrarily large mass, at integer spacing in (mass)2. (2) Unbounded spin. Strings
have particles of the same type but arbitrarily large spin, at integer spacing. (The
maximum spin depends on the mass.) (3) Unbounded derivatives. Any given state
couples with arbitrarily high derivatives. (The minimum number depends on the
spin.)
We now examine this one-loop feature of string theory in more detail in an at-
tempt to isolate the mechanism responsible. In superstring theory the one-loop inte-
gral can be written in the form (after all loop momenta have been integrated out)
Astring ≈
∫
∞
0
d(1/τ) epi
2α′2s/τ ∼
1
α′2s
where τ is the sum of the Schwinger parameters τi of the propagators running around
the loop (1/k2i =
∫
∞
0
dτi e
−τik2i ), related to the usual string parameter q as q =
e−2pi
2α′/τ , “≈” means neglecting a factor in the integrand analytic in q (we look at the
contribution near q = 0, τ = 0, normally associated with UV divergences, to isolate
just the massless pole), and s = −(
∑
p)2 (summed over the momenta for the lines of
either boundary) is the invariant for the closed-string state. (We have also neglected
an overall factor polynomial in external momenta, required for gauge invariance of
external fields, etc. For the bosonic string s is shifted by a constant, giving the tachyon
pole.) Note that this result is nonperturbative in α′. If we expand the integrand in α′
with hopes of resummation, we see terms of increasing UV divergence: By dimensional
analysis, increasing powers of loop momentum k2 give decreasing powers of τ . Thus,
higher-derivative couplings are the feature of string theory responsible for generation
of the bound state at one loop. (Higher spin might reproduce this effect, but only by
virtue of higher derivatives.)
4In dimensions other than D = 10 there is an extra factor of a power of eτ (e.g.,
eτ(26−D)/24α
′
for the bosonic string). In field theory a massive particle in a loop will
generate an extra factor e−m
2τ . We are thus led to consider only massless fundamental
particles in order to avoid the usual problem in noncritical string theory of generating
closed strings whose “free” propagators contain cuts in addition to poles.
Scalars
The higher-derivative coupling most resembling those in string field theory is a
“proper-time cutoff”, including a factor e on each field at a vertex. However, such
a coupling regularizes loop integrals, and would thus eliminate the UV divergence
that should be the source of the bound state. (We do not modify the propagator, to
avoid problems with unitarity.) However, a similar modification produces the desired
result: For example, for a scalar matrix field, we consider a Lagrangian of the form
L ∼ −φ φ+ φ(e−ipiα
′ /2φ)(eipiα
′ /2φ)
with S = (tr L)/g2. (The normalization of α′ has been chosen to make the result agree
with string theory.) We will consider only U(N) matrices, with the usual geometric
correspondence to open string diagrams via the ’t Hooft double-line notation.
1
2
_p+kp−k_12
e
’piαi /2 e
’piαi /2_
piα
e
i_ pk.’ pk.
e
’piαi
e
’piαi /2_ e
’piαi /2
kp+_12 p−k
_
1
2
If both the fields with higher-derivative operators contribute to the internal lines
of a one-loop graph, then a vertex factor of the form e±ipiα
′k·p will result, where k
is the loop momentum and p the external momentum, up to a factor dependent
only on p2. (If one higher-derivative factor acts on an external line, there will be an
exponential factor with a k2, which we will interpret as regularizing the graph, making
it uninteresting, ignoring any ambiguities associated with the sign of the exponent.
A similar vertex factor of the form e−α
′2k2p2 has also been considered [10], but does
not seem to reproduce the desired results.) The sign of the exponential depends on
which higher derivative acts on which internal line, and is directly correlated to the
group-theory factor coming from the matrices. Making the usual interpretation of
the group-theory double lines with the ends of the string, then in string language we
5get one sign for external lines attached to one boundary, and the opposite for the
other. (The same result can be obtained by noting cancelation of exponentials from
opposite ends of untwisted propagators, so only twisted ones contribute.)
The net result will then be an integral of the form, at high “energy” k2,
Aparticle ≈
∫
dDk
(k2)n
e±i2piα
′k·P ∼ (P 2)n−D/2
where ±P is the total momentum of states on either boundary, and n is the number
of external lines. To see a bound state in the S-matrix, we need to look at a four-
point graph: We therefore need D = 10 to get a simple pole in that graph. As
for the string, a naive quadratic divergence is converted into a pole, here by an
integral resembling a Fourier transform. For comparison to the string theory result,
we introduce Schwinger parameters: After integrating over loop momentum (and
ignoring the remaining Feynman parameter integrals, where τi = ταi, as for the
string above), we have (for n = 4 in D = 10) near s = 0 (whose main contribution
comes from τ ≈ 0, and thus large k2) the same result as for strings,
Aparticle ≈
∫
∞
0
d(1/τ) epi
2α′2s/τ ∼
1
α′2s
There is a relation of this coupling to higher-spin coupling: Writing
(e−ipiα
′ /2φ)(eipiα
′ /2φ) = φeipiα
′
↔
/2φ
and expanding in powers of , we see each term is the (multiple) divergence of the
higher-spin current
φ
↔
∂ a...
↔
∂ bφ
so such a coupling might be found in string theory if only the scalar Stueckelberg
pieces of higher-spin fields are kept. The single field used in particle theory might
then be a linear combination of string fields of the same spin but different mass.
Note that these currents alternate in symmetry between the two φ’s for increasing
spin, in analogy to the group theory in string theory for symmetry groups SO(N) or
USp(2N), where the representations alternate in symmetry between the two defining-
representation indices for increasing mass, or spin of the leading trajectory.
There is a resemblance between this theory and noncommutative field theory: If
we define a (nonassociative) product and commutator, inspired by the above vertex,
by
A ∗B ≡ (e−ipiα
′ /2Aeipiα
′ /2)(eipiα
′ /2Be−ipiα
′ /2), [A,B] ≡ A ∗B − B ∗ A
6then we find
[xa, xb] ∼ iα′Lab
in terms of the orbital angular momentum Lab = x[apb], as in the original form of
noncommutative field theory [11]. Furthermore, the conversion of a UV singularity
into an IR one, and the explicit integrals, are similar to the Lorentz-noncovariant
version of noncommutative field theory [12], where they also resemble closed-string
states [13]. (However, other interpretations have been proposed [14]. The main focus
in noncommutative field theory papers has been on renormalizable theories in D = 4,
whereas here we are mainly concerned with gravity, and reproducing the unitary and
Poincare´ covariant results of string theory, and so are led to D = 10. It is easy to see
that similar considerations there would also lead uniquely to D = 10, even though
a generally covariant theory of gravity cannot be expected from a theory that is not
even Lorentz covariant.)
There are a couple of problems with this scalar theory: (1) The bound state
has spin 0, which is not very interesting. (2) Although the condition D = 10 pro-
duces the desired pole in the four-point amplitude, lower-point diagrams have higher-
order poles, which have no physical interpretation. (One might expect to generate a
pole from a higher-derivative quartic-interaction theory in a propagator-correction-
like four-point graph. However, a bound-state pole would not appear in such a graph,
since in the corresponding field theory where that state is fundamental, with coupling
h = T , we find 〈TT 〉 = 〈( h)( h)〉 = (1/ ) = , where is the kinetic oper-
ator, quadratic in derivatives.) The solution to both these problems is Yang-Mills (+
lower spins), which will produce spin-2 (+ lower) bound states, as well as allow can-
celation of the spurious poles in lower-point graphs (as in string theory) by judicious
choice of matter.
Yang-Mills
The simplest way to evaluate one-loop graphs for external Yang-Mills is to use
the background field gauge for internal Yang-Mills, and by parity-doubling internal
spinors (squaring the kinetic operator). The latter will have the effect of dropping
Levi-Civita terms, but these require at least D gamma-matrices, and thus at least
D/2-point graphs, and for reasons explained above we focus on D = 10 (but see
remarks below) and no higher than four-point. The generic kinetic operator for
minimal coupling is then of the form +iF abSab, where is background covariantized
and F ab is the background field strength, while Sab is the spin operator.
In our case, rather than propose a higher-derivative generalization of the full
action, we will propose one for this background-field action, which is only quadratic
7in the quantum fields (but arbitrary order in the Yang-Mills background). For our
generalization, we first rewrite this part of the minimally coupled Lagrangian as
L ∼ tr[ψ( + 2iF abSab)ψ]
where ψ is spin 0, 1/2, or 1, and the factor of 2 comes from replacing the usual
commutator for F (when the quantum fields are written as matrices) with just a
product. This is equivalent here because of graded symmetry in the quantum fields
together with the opposite graded symmetry for (the matrix indices of) the spin
operators, but will not be true when we introduce the nonminimal higher derivatives.
(The covariant derivatives in keep the usual commutators.)
Then our naive higher-derivative generalization is
L ∼ tr[(eipiα
′ /2ψ)( + 2iF abSab)(e
−ipiα′ /2ψ)]
Again, we will not derive this from a complete action, but we now explain how such
higher derivative terms might be obtained from a gauge invariant action when ψ is
the vector. There are several possibilities:
(1) Gauge transformations themselves might be generalized to higher derivatives, as
for noncommutative field theory.
(2) Higher-derivative background-gauge fixing terms might automatically give such a
form.
(3) The ’s in the exponential might be replaced with quantum gauge covariant
derivatives, turned into by the usual gauge fixing condition: Writing
(e−ipiα
′ /2A)(eipiα
′ /2A) =
[(e−ipiα
′ /2 − 1)A][(eipiα
′ /2 − 1)A] + A(eipiα
′ /2A) + (e−ipiα
′ /2A)A− A2
the first term contains only terms, which can be replaced as Aa → ∇bF
ba up to
gauge fixing, the next two contribute only “regularized” terms, which can be dropped,
and the last gives the usual (after insertion of the minimal kinetic operator).
We now consider the conditions on the number of spin-0 and spin-1/2 states
needed to cancel spurious poles arising at one loop. Since these states have already
been restricted to adjoint by group-theory considerations (e.g., defining represen-
tations will not cancel nonplanar singularities), cancelations in the two-point and
three-point 1PI graphs reproduce the usual result of maximal supersymmetry (or
at least its field content), for any D: (1) Cancelation of the graphs without spin
coupling FS requires equal numbers of bosons and fermions (which then cancel for
arbitrary numbers of external lines). (2) Graphs with one spin coupling vanish triv-
ially (tr S = 0). (3) Cancelation of graphs with two spin couplings (again for arbitrary
8external lines) then fixes the number of spin 1/2 fields: Since tr(SS) gives the SO(D)
Casimir as usual, this condition fixes the number of spinors to be that of maximally
supersymmetric Yang-Mills. (4) The graphs for three spin couplings can be divided
into tr(S[S, S]) and tr(S{S, S}) terms. The former reduce to tr(SS), and so cancel
by the previous condition. The latter are of the same form as for 4D anomalies for
SO(D) internal symmetry. We would miss such contributions because of our parity
doubling. However, these Levi-Civita terms can appear only for D = 2 or 6, and
in our case only for chiral spinors. Their cancelation then requires equal numbers
of spinors of each chirality for those dimensions, as also required for maximally su-
persymmetric Yang-Mills in those cases. (This would also justify parity doubling for
general graphs, except for the case D = 10, which unfortunately is the case of most
interest.) (5) The total result for the four-point graph is then given completely by
spin couplings, and is thus given by the result of the φ3 calculation of the previous
section times four F ’s, with index contractions from tr(S4).
p
2
p
3
p
2
p1 p2
abF
Fgh Fef
Fcd
p
4
p
3
q_ q+
q+
p
1
q
+
→
p
4
p1 p2
Fgh
Fab
Fef
p
3
s
Fcd
ThereforeD = 10 is again required, yielding the same result as the zero-slope limit
(but not α′ = 0 identically) of string theory near the bound-state pole. The required
theory is thus a higher-derivative generalization of 10D supersymmetric Yang-Mills,
which we assume preserves the supersymmetry. We have not calculated the diagrams
with external fermions, or even given an explicitly supersymmetric higher-derivative
action with which to calculate them, but supersymmetry would require the bound
states to be those of (N = 1) supergravity.
In this calculation (as in string theory) we can see the generation of the graviton,
dilaton, and axion: The result for the diagram with pairs of vertices on the “inside”
or “outside” of the loop adjacent is of the form
Γ ∼ tr(F abF cd) 1 tr(F efF gh)str(SabScdSefSgh)
9where the first two traces are for internal symmetry and the last for spin, which we
have written as a “supertrace” because we subtract the contribution of the fermion.
(There is also a factor of 12 for the fermion trace if we use it doubled.) The vector spin
operator is S(1)ab = |[a〉〈b]|, so its contribution will have an index contraction within
each of the two internal-trace factors, and thus contribute only to the graviton and
dilaton couplings. Because of the cyclic symmetry of traces, the internal traces are
symmetric in the two F ’s, so the spin trace is symmetrized over the former pair of S’s
and the latter. Consequently the product of each pair of S(1/2)ab ∼ γ[aγb] will contain
as matrices only the identity (times a pair of η’s) and γ[aγbγcγd], giving coupling to
only the dilaton and the axion. The axion is normally written as a two-form Bab, but
here it’s convenient to think of it in terms of the dual four-form Babcd [15]: At the
present order in couplings, we can write for this form
L ∼ 1
12
(Habc)
2, Habc =
1
2∂[aBbc] + tr(
1
2A[a∂bAc] +
1
3
A[aAbAc])
→ − 1
12
(Habc)
2 + 1
8
Babcdtr(FabFcd), H
abc = ∂dB
abcd
where the transformation is achieved as usual by switching field equations and Bianchi
identities (e.g., by using a first-order form of the Lagrangian).
There is also a diagram with opposite vertices both on the inside or both outside,
corresponding to switching the middle two S’s in the above trace. This could give
couplings other than those attributed to the graviton, dilaton, and axion, but the
condition of cancelation between spins of all lower traces of S’s guarantees the sym-
metry of the total spin trace under all permutations of S’s, since anticommutators of
two adjacent S’s replace them with structure constants. This permutation symmetry
alone is sufficient to fix the relative normalization of the graviton, dilaton, and axion
contributions, which can then be written as
Γ ∼ tr(F acF bc)
1 tr(Fa
dFbd)−
1
8
tr(F abFab)
1 tr(F cdFcd)
−1
4
tr(F abF cd) 1 tr(FabFcd − 2FacFbd)
The first two terms are a linear combination of the graviton and dilaton terms, which
can be explicitly separated as (for D = 10)
T ab 1 Tab −
1
4
tr(F abFab)
1 tr(F cdFcd), Tab = tr(Fa
cFbc −
1
4
ηabF
cdFcd)
while for the axion terms we have used the antisymmetry of F and the symmetry of
the trace to reduce the number of terms in the manifestly antisymmetric form
− 1
4!32
tr(F [abF cd]) 1 tr(F[abFcd])
10
Future
Our model provides a tool to better understand certain features of string theory,
and how they can be obtained outside of string theory, but we have left several
questions unanswered: This model seems to be nonrenormalizable (as is ordinary
supersymmetric Yang-Mills in D = 10), at least in the usual power-counting sense;
in string theory, this problem is resolved by its symmetries. In particular, we have
not determined the exact form of the higher-derivative interactions. Is this corrected
by restrictions from other quantum contributions or supersymmetry? Specifically, is
it possible to reproduce bound-state graviton self-interactions consistent with general
relativity? If so, will we find the proposed energy-momentum anomaly? And can
the usual hexagon anomalies be canceled with our U(N) groups, or is there a way to
introduce SO(32)?
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